Chapter 7 — Conic Sections Overview

i Circle

gi Parabola

Circle Review....

Ellipse

Hyperbola

Definition: A circle is the set of points, P, in a
plane which are a fixed distance (radius) from a
fixed point (center).

x-m?*+ @ -k?=r?
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7.2 —The Ellipse

Definition: An ellipse is the set of points, P, in

a plane such that the of the distances

from P to two fixed points is constant.

X

(x, y)

d, +dy=dy +d,

Derrivation Case #1: P is at "high noon"
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Derrivation Case #2: P is arbitrary

(~c,’:) /

(¢c,o)

From our definition, dist(F; P) + dist(F,P) is constant

Vo +2+ =02+ (x—c)? + (- 0)2 =2a
v+t +y?2=2a—(x—c)?+y?
2
(x+c)+yr= (Za—\/(x—c)2+y2)
x4+ +y?=4a?—4ay(x —c)? +y%2+ (x — )2 +y?
(x+c)?=4a?—4a/(x—c)2+y2+ (x —c)?
x% 4 2xc + ¢? = 4a? — 4ay/ (x — c)? + y% + x? — 2xc + ¢?

2xc = 4a® — 4a+/(x — )% + y% — 2xc

4xc = 4a? — 4a/(x — )% + y?

4xc = 4a? — 4ay/x% — 2xc + c% + y?

a? — xc = a\/x% — 2xc + ¢ + y?
a* —2a’xc + x%c? = a?(x? — 2xc + c? + y?)
a* — 2a’xc + x%c? = a’x? — 2a%xc + a%c? + a?y?
a* + x%c? = a’x? + a®c? + a?y?

Substitute in ¢? = a® — b?
a* + x2(a? — b*) = a?x? + a?(a? — b*) + a?y?

2 2
a* + x%a® — x?b° = a?x? + a* — a?b” + a?y?

—x?b? = —a’b? + a®y?
—x?b? — a?y? = —a?b?
2,2
;+%=1
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General Formula for an ellipse, centered at

G=n)? | y=k)?
To find the foci, use
2 _1)2
1. Graph. Label the foci, 2= 4 71
16 4
_2)2 _ 2
2. Graph. Label the foci. (x=3) (y42) _

1



2 —2)2 . .,
3. Graph. Label the foci. —(le) + 92 42) =1 5. Find the center and foci:
6x%+3y?—24x+18y—3=0

4. Find the center and foci:
x2+4y2 -8y +4x—-8=0

6. What happens if you get fractions?

4(x—3)2+7(y+2)2=10




7. Find the equation of the ellipse having the 9. Find the equation of the ellipse from its
following characteristics: graph:

Vertices at (+6,0) and foci at (+4,0). K

4
\

8. Find the equation of the ellipse having the
following characteristics:

Foci at (—4,—3) and (8, —3); length of the
minor axis is 8 units
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7.3 — The Hyperbola

Definition: A hyperbola is the set of points, P,
in a plane such that the of the

distances from P to two fixed points is constant.

General Formulas for a hyperbola, centered at
(h, k):

x-h? -k?*_
a? bz

-k «-n?*_
a? bz

1

1

To find the foci, use

-2 _ (+1)? _ 1

1. Graph and analyze: e

2. Graph and analyze:

4x% —9y% — 24x + 72y — 144 =0




3. Graph and analyze: 4. Find the equation of the hyperbola, given
the following characteristics:

10x2 — 5y% + 60x + 20y — 20 =0
Vertices at (+6,0) and foci at (£8,0).

5. Find the equation of the hyperbola, given
the following characteristics:

Foci at (—5,2) and (7,2); lengh of the
conjugate axis is 8 units.
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6. Graph. Find the foci and the asymptotes. 7. Graph. Find the foci (x+2)? n G-1% _ 1
. . st

4x? — 36y% — 40x + 148y — 188 = 0
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7.4 — The Parabola

Recall the "old way" of graphing a parabola:
y=alx—h)*>+k

vertex:
max/min value:

axis of symmetry:

Definition: A parabola is the set of points, P, in

a plane which are

from a fixed point (focus) and a fixed line

(called the ).

pircture’

AN

......

From the definition, dist(FP) = dist(PD)

JE =02+ —p)2=(x—x)2%+{+p)?
x? +y? = 2py +p? = y* + 2py + p?

x? = 4py

General Formulas:

(x —h)? =4ply—k)

(y —k)*> =4p(x — h)
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Connection between the "old way" and the "conic

way"...

*For each parabola, identify the vertex, focus,
directrix, axis of symmetry, and max/min value (if
applicable). Graph each.

1. (v+2)2=-4(x—-1)




2. (x+1)%?2=8(+3) 4, x2—10x—12y+25=0

3. x=2)2=-6(y+1)
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5. y2—2y+8x+9=0 6. 3y2+10y+7x—13=0

109



7. Find the equation of the parabola with focus at 9. Find the focus and directrix:

(1,2) and directrixy = 5. -3
i Xy y=7(x+2)2_4

8. Find the equation of the parabola with focus at
(=3,4) and directrix x = —4. 10. Find the focus and directrix:

1 2
x=§(y—3) + 2
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SHAPE Formulas I Comments
LINE | ax+by=c 5 tand ard “e expenents
5: mx‘#b Slapcﬂ-mrerfcpT m = ‘jz' Y,
(j'-ﬂf:M(K”x]) PQ!‘V\T‘S’GPQ X?.“X,
Farabola | y=a (x-h) +k Cither X or g (S Spuared.
e L ,_k) W/ *p )'S The distance Lrom The
(x h)x LfP (H - Vtrfex ta The <£°cq5
(3 —-K) = qF (x—fm) [G dyvectriX
= ! - 1
“p P “a
. 2 2, I
Covele | (x=h) "+ (yk) = ¢ % +y? (same Coeffrcient)
2 2 2 2 I —
Ellpse | (xR (y-k)" , X"+~ (A coefticient)
z 3
a b 8!33 cr denom = m«J}:r AKIS
»ﬁoc‘s' are o N WMJ.c{" axrs
c*=at-b"
C I's dist frem CenTer ‘bﬁcfff.
< .
Hyperboln | (xh)™ (qk) 5 | 6 Est opens Uk,
a _ZT - I 31 Ll’fo‘/ OPeﬂS‘ "‘f/;fown
2 2 L
= +
(9-K)" . (0" Y S e
'-";—f" "‘Z‘:“' - A ¢ r's disr. from Cenfer T®
£ocus
/?nghp'fa'rcs; y~k=—t’“(’<"‘) a 15 dise frem cenfer TO
Jerte i
Ex = &% d! xelR passes Through
,_F J 4— (V¥ g0 (o,1) and (1,0)
Log y = [og x _bﬁ_ Al x>0  passes Throagh
“ ri‘jém (ﬁ,o) and (q)l)
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Chapter 7 Review 3. Find the vertices and foci. Graph.

=2 _ o402 _ 2x*+y*+8x—6y+1=0

1. Graph and analyze. e 2

+1)2 +2)2
2. Graph and analyze. & 4) + (yzs) =1
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4. Find the vertices, foci and asymptotes. 5. Find the equation of the

Graph. having vertices at (—3,2) and (9,2) and foci at

2 2 (=5,2) and (11,2).
4x“ —9y- —8x+18y+31=0

6. Find the equation of the ellipse having a
major axis of length 10 and foci at (5,2) and
(1,2).

113



7. Find the equation of the ellipse having its 10. Graph. Identify the vertex, focus, directrix
center at (=5, —1), a minor axis of length 10, and x-intercepts.

and a vertex at (—5,7). 249 8x+4=0
x°+2y—8x+4=

8. Graph (y—2)2=-8(x+1)
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8.1 & 8.2 - Sequences and Series *For each recursive sequence, list the first 5

terms.
Notation: 11,14,17,20,23,:--,3n + 8,

3{ a1=87
"apsr = ap +12

*Find the first four terms and the 100" term of 4 { a, =4

each sequence: ny1 = 3a, — 7

1. a,=8n-5

5{ a1:7
"lap,=10—a,_4

2. a, = (=)™ (51n)

al = 1
6. a2 = 1
ap = An—1 + an_2
With recursive sequences, rather than finding
the nt" term by substituting in values for n, we

find each term based on the terms before it. o ] ]
This is known as the Fibonacci sequence.
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Summation (Sigma) Notation:

*Evaluate each of the following:

5
Z(Zk +3)
k=1

(k+1)
k+2

M'P

=
U
N

Factorial Notation:

Definition: n! =nn—-—1)(n—2) -1

Evaluate: 4!

Evaluate: 6!

By definition, 0! equals
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Simplify: 2—3':

Write the first four terms: a,, =

Arithmetic Sequences

n!

(n+2)!

Arithmetic sequences are sequences in which a

common

exists

between terms.

Example: 2,4,6,8, ..., 200, ...

Givena; = 7and d = 9, find ayg.



Which term of 11, 16, 21, 26, ... is 14717 Add:1+2+3+--+998 + 999 + 1000.

Given the sequence 2, 5, 8, 11, 14, ... find the
following sums:

51 =
For the arithmetic sequence with as = 47 and
a4 = 113, find a,. 52 —
S3 =
54 =
Mini-Summary:

a,=a;+(n—1)d
n
Sn zi(al‘i'an)

Substituting the first (above) into the second give
the following:

Sp,==[2a; + (n — 1)d]

NS
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Add: 103 +99 4+95491 + -+ to 1437 terms. For the given arithmetic sequence, the 82™ term,
agy, is equal to —370, and the 6™ term, ag, is equal
to 10. Find the value of the 33rd term, as3.

971
Z(_M‘ +117) *Write each using sigma notation:
k=5 87 +92 +97 + 102 + 107

172 + 168 + 164 + 160 + 156 + 152 + 148

8’9’10’ 11712’




8.3 — Geometric Sequences and Series 8.3#48 Find n for the geometric sequence

havinga; = 1,a, = —128andr = —2.
Geometric Sequences and Series

Geometric sequences and series have a

common between terms.
. — n—1
Formulas: a, = aqr
s — a;—a,r"
n 1-r

8.3#60 Find the common ratio r and the value
of a, for the sequence having as = 6 and

Findag ifa, = 4andr = —71 ay = 486.

Finda, ifa; = 64andr = i.
8.3#68 Find the sum Sg when a; = 12 and
1

r=-
2
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The sum of an infinite geometric series is given Review of sections 8.1 — 8.3

— 41 i
by Seo = 1-1’ provided |r| < 1. 1. Givena; = 62,and d = 7, find a,3 and Syg;.

Add: 14424244
2 4 8 16

Note thatif r =1,
2+2+2424+2+--- has no infinite sum.

We say that this series

Add: 2424+ 4
7 7 21 63

2. Find the first four terms of this recursive
a1 = 17

sequence: {an — Zan_l +5

Add: 60 —30+15—7.5+3.75 — -
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3. Write each of the following using sigma
notation:

a. 131 +122+ 113 +104 + 95 + 86

b. 1+8+ 27 + 64 + 125

C.40+20+10+5+3 4242
2 4 8

17 19 21 23 25

4. Find both a recursive formula and a general
formula for each sequence:

a. 4,12,36,108,324, --

b. 38,45,52,59,66, -
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5. Find a, for the arithmetic sequence with
as3 = 218 and ag; = 507.

6. Find the sum of the first one hundred even
numbers.



8.4 — Proof by Induction Prove: 3+ 7+ 114+ -4+ (4n—-1)=n2n+1)

This topic is NOT currently covered in Aleks. It
will be up to your teacher whether he/she will
test on this section.

Steps:
1. Show that the statement is true for n=1.
2. Assume the statement is true for n=k.

3. Show that the statement is true for n=k+1.

Prove:2+4+6+8+--+2n=n(n+1)
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Prove: 4+ 12 + 20 + --- + (8n — 4) = 4n? 8.7 — The Binomial Theorem

Pascal's Triangle:

(a + b)°=

(a+ b)=

(a + b)?=

(a + b)3=

(x + 3)*=

(2x — 3y)°=




Combinations: The Binomial Theorem:

n! n

- (n l— 7)! (a+b)" = z (1:) a™Th"

r=0

(Z) =nCr=C(nr) =

Find the 8" term of (3x — 2y)!!=

Evaluate: (320) =

Calculator keystrokes:

Find the 6™ term of (2x + y)1*=

Evaluate: (552) =

Find the coefficient of the x®y° term of
(2x = 3y)
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Review of Chapters 7 & 8 3. Graph =22 _ x-1? _ 1
) T4 16

2 _ 92
1. Graph. Label the foci. %+¥= 1

4. Name the foci and asymptotes above.

2. Find the center and foci: ) . .
5. Find the center, vertices and foci:

4x? + 25y% — 16x — 50y — 59 = 0
X Y s 4x% — 9y? — 40x + 36y + 28 = 0
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6. Find the equation of the ellipse with foci at 8. Graph. (y —2)2 =4(x+ 1)
(5,1) and (9,1) such that the minor axis is 4
units long.

7. Find the equation of the hyperbola with )
vertices at (1,11) and (1, —3) with foci at 9. Graph. (x —1)* = - +3)
(1,13) and (1, —5).
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10. Find the equation of the parabola with 12. Expand: (2x — 3y)®
focus at (—2,4) and directrix x = 1.

11. Find the vertex and focus of the parabola: 13. Find the coefficient of the x>y12 term of
x?—8x—8y+16=0. (2x + y)7.
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14. Prove by induction: 15. Find the sum: 40 + 30 + 4?5 + %5 + -

n(3n—1)

1+4+7+--+@Bn-2)= 5

16. Find Sg whena; =4 andr = %.

17. Write each of the following using sigma
notation:

a. 117 +115+ 113 + 111 + 109

b. 60+30+ 15+ 7.5+ 3.75
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18. Addto 117 terms: 18 + 23 + 28 + --- 20. For the arithmetic sequence with a; = 32
and aqg = 70, find a;.

19. Given ay; = 113 and a,5 = 305, find a,q;

for this arithmetic sequence. (Aleks problem) 21. Determine whether each is arithmetic or
geometric. Then find a formula for the general

term, a,. (Aleks problem)

a. 511,17,23, ...

b. 4,12,36,108, ...
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Final Exam Review

1. Solve: x2 —12>x

2. Find the balance of an account after 5 years
if $3600 is invested at 4.5%, compounded
monthly.

3. Multiply: [; :i _14] [_61 _38]

130

4. In 2004, a company had a net worth of $43
million. In 2008, the same company had a net
worth of $62 million. Letting t = 0 represent
the year 2004, find a function for the worth of
the company as a function of time.

5. Given A = [:i i] find A71, if it exists.



6. Solve: |[2x+7|—3 =5

7. List the possible rational zeroes of the
function g(x) = 9x* + 5x3 — 2x% + 4

8. Name all asymptotes and intercepts of

flx) = =2

2x+1°
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9. For the rational function described in
exercise 8, finish the following statements:

As x > —o0,y >

As x > 400,y >

10. How long would it take $1500 to double
when invested at 2.2%, compounded daily?



11. Find the vertices of the polygon formed:

x =2
y=1
y<—x+11
y=x+3

)1)

12. Find S;43 for the sequence

v w
(S ERN
ul | o
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13. Find the domain of each:

a. f(x) =v3x—-5
b- g (o) = 392:—25

c. h(x) =log,(3x —5)

d. f(x) = Vx? — 25



14. Find S5 for the geometric sequence with
a, =6andr = —2.

15. Find the sum, if possible:

4+4(-3)+4(-3)* +4(-3)* + -

16. Find the focus and directrix of

(y+3)2=-12(x + 2)
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17. The length of a rectangle is 4 cm more than its
width. Find a function which represents the
rectangle's area in terms of its width.

18. Find the foci:
x2—4y? —12x — 8y + 16 = 0.



19. Sketch the graph of 21. Solve: 2*¥*t3 =17

y=(x+3)2%x—4)(x—-1)*

20. What does Descartes' Rule of Signs tell us
about the possible number of positive and
negative real zeroes of p(x)?

p(x) =2x7 +x®+ x> —x* —x3+x%2—x+2
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